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 u. Choosing now two null
vectors v; ~v 2 X with hv; ~vi = 1 and putting
A = v 
 ~v and B = i(~v 






= B. Yet, A
2
= 0 though A 6= 0;
hence, A is non-diagonalizable. Moreover, Bv =  iv
and B~v = i~v; hence B possesses the imaginary eigenval-
ues for two non orthogonal eigenvectors v and ~v. As one
can show, A and B are the simplest bricks of the non-
trivial pseudo-hermitian structures. In fact, the Jordan's
cell of any real eigenvalue  of the hermitian A = A
y





6= 0. If 2s  q, the last s vectors in the Jor-
dan's chain x;Qx; :::;Q
q 1
x must be null and mutu-







xi = 0). The indenite metric permits the ex-
istence of such chains, though the Pontriagin's lemma
restricts their length to s  r. By choosing adequately
the initial vector x one reduces the entire chain either to























) or to a null leg plus a unit vector e
(he; v
i
i = he; ~v
i
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s
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s
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with obvious canonical forms:


























































The null legs are crucial as well for the complex eigen-
values. Indeed, if A
y
= A, each complex eigenvalue
 =  + i is accompanied by 

of equal multiplicity.
Instead of analyzing separately the Jordan's subspaces of
 and 

it is more convenient to determine the structure











nilpotent pair Q = A   , Q
y
= A   

. Since Q and
Q
y




, so is QQ
y
. As one can
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. The 2s vec-
tors of the last row are linearly independent and form
a natural basis in the triangle subspace X

. Now, it is
easy to show that by choosing properly the top vector
x 2 X













x;    ; Q
y2s 1
x










Observing the action of Q and Q
y
on (8) and remem-






= 0 in X

, one
sees that A in X
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where 2s = dimX

 2r due to lemma 1. As one can




decomposes into an orthogo-
nal sum of nonsingular triangular subspaces X

where
A acquires the form (9), so we have
Theorem The hermitian operator A in a pseudo-
euclidean space X is reducible to the sequence of Jor-





= A   
i
are of the canonical form (5-6), and to





with A given by
(9), the total number of mutually orthogonal null vectors
in all irreducible cells of type (5), (6), (9) being limited
by the Pontriagin criterion.
III. THE PHYSICAL PROBLEMS
The pseudo-hermitian structures have a well dened




of GR is an example of a hermi-
tian operator in the pseudo-euclidean space of signature
(+      ). So, according to the canonical forms of












, complex ones Z, Z














ical form which admits three eigenvectors); (4) [3N S
1
]
(non-diagonalizable canonical form admitting only two
eigenvectors). The analogous types would exist in more
dimensions for the signature (1; l).
An interesting case of strings living in a pseudo-
euclidean space R
4
of signature (+ +   ) is discussed
in [26]. Notice that the eld theories formulated in such
space would lead to the energy momentumtensors of new
algebraic types. Generalizing [9], all of them can be re-
duced to the following standard forms:
(1) [2Z 2Z

]; two complex eigenvalues with nontrivial































































], two pairs of complex conjugate



































































































































































































































































































































































i = 0). The question of physical nature
of the corresponding sources remains open.
In quantum theories the main challenge is caused by
negative vectors (\ghosts"), as well as by the absence
of a consistent measurement theory. Thus, e.g. in an
interesting plasma study ([15]) it is assumed that the
eigenvectors of the pseudo-hermitian operator must form
a basis in X. However, it is not so: As we have seen, even
in the signature (1; l) the subspaces of real eigenvalues
may have a nontrivial Jordan structure.
In an ample class of quantum eld theories following
Gupta and Dirac [1], [2] the indenite Hilbert spaces
(with dimX = +1) arise as an auxiliary element, elim-
inated later by the constraints conditions to avoid the
\ghost" vectors. The original eld operators turn as well
\ghost observables" to be substituted by the constrained
ones [27], [28], [29]. However, once all ghosts depart, an
unsolved mystery remains why the ghost formulation of
the theory was at all necessary?
The situation is dierent in several areas of QM show-
ing a `non-hermitian dissidence' which cannot be main-
tained on purely ghost level. Notice the fundamental role
of non-hermitian Hamiltonians (in the orthodox Hilbert
spaces) for the continuous reduction processes [10], [11],
[12], [13]. For dierent reasons the complex Hamiltoni-
ans with real spectra are studied in [19]-[23]. Here, the
story develops on the heuristic level of PT  symmetric
operators. In mathematical terms, it can be viewed as
a new branch of the spectral analysis in Banach spaces.
However the link with the pseudo-euclidean structures
was recently reported by Znojil [24]. Independent steps
in the same direction are taken by Takook [30]. In all
these designs the consistent statistical interpretation is
still missing. So, will the indenite Hilbert spaces con-
tribute only to a new \ghost story" or are they a real
escape route from too much orthodoxy in quantum the-
ory?
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